This does not necessarily imply that also σ r (N) = a (mod if). For example 0*4(8) = 2 (mod 3) but <7 4 (8) = 1 (mod 3). Similarly ordinary congruence does not imply component congruence, as the same example shows. 
We first show necessity. Assume that σ r (nK + L)=a (mod K) and L is a quadratic residue of i£. Then there exists q such that q 2 = L (mod iί) and consequently n x such that ^if + L = q 2 . Consider q 2 and (2) 
and by our assumption σ r (nK + L) = a (mod K) applied to ww 1 it follows that
Eliminating w\ gives 1 + w r (a -w r ) = α (mod iΓ). Rewriting this gives (4) and shows (4) is necessary.
To show sufficiency, we need to show for any divisor (2), (3) and (4) hold. But (2) insures that N cannot be a square, so the second alternative cannot occur. Now
by (4) and the fact that dd f = L (mod iΓ). Then using (3),
Since (cZ, K) = 1 it follows that for each d as specified. But this shows (1) holds and completes the proof.
3* Examples and some special cases. It is not difficult to show that when K = p is an odd prime, all component congruences are obtained with r = (p -l)/2 and a = 0 or r = (p -1) and a = 2. Thus for example: 2, 5, 6, 7, 8,11 <7 12 (13π + L) = 2 (mod 13), L = 2, 5, 6, 7, 8,11 . When K is composite we have σ φ{κ) {nK + L)==2(mod iΓ) for any nonquadratic residue L of K.
In the special case r = 1 we show THEOREM 2. For αίZ integral n^O, σ^nK + L)=α(modiί) /or suitable L and a if and only if K is one of 3, 4, 6, 8,12 and 24. The equation in condition (4) becomes
The congruence (5) is equivalent to
With y -2x -a we have
subject to y= -a (mod 2). But this last condition is no restriction so that the number of solutions of (5) is the same as that of (6). Let S(AK) be the number of solutions of (6) In the particular case a = 0, conditions (2), (3) and (4) reduce to conditions which Gupta [1] and Ramanathan [2] found to be necessary and sufficient in order that σ r (nK + L) = 0 (mod K) for r, n, K and L as above. Thus we have the remarkable result: Printed at Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.), No. 6, 2-chome, Fujimi-cho, Chiyoda-ku, Tokyo, Japan.
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